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Wklv sdshu frqvlghuv d frpshwlwlyh vhdufk pdunhw zkhuh vhoohuv kdyh sulydwh
lqirupdwlrq derxw d jrrg*v txdolw|1 Lw lv vkrzq wkdw vhsdudwlrq ri w|shv pd|
dulvh qdwxudoo| li kljk0txdolw| vhoohuv ghulyh d juhdwhu xwlolw| iurp vhdufk wkdq orz0
txdolw| vhoohuv1 Iru lqvwdqfh/ vhoohuv ri kljk0txdolw| jrrgv pd| kdyh wr lqyhvw ohvv
wlph dqg prqh| rq uhsdluv ru vsduh sduwv wkdq orz0txdolw| vhoohuv ru vlpso| idfh
d orzhu suredelolw| wkdw wkh jrrg euhdnv grzq ehiruh lw lv vrog1 Lq htxloleulxp/
kljk0txdolw| jrrgv vhoo dw d kljkhu sulfh/ exw dovr flufxodwh orqjhu wkdq orz0txdolw|
jrrgv wr hqvxuh wkdw orz0txdolw| vhoohuv gr qrw hqwhu wkh pdunhw iru kljk0txdolw|
jrrgv1 Wklv krogv hyhq li dq h{solflw vruwlqj yduldeoh +h1j1 zduudqwlhv/ dgyhuwlvlqj,
grhv qrw h{lvw1 Pruhryhu/ doo phpehuv ri wkh vkruw vlgh ri wkh pdunhw hqjdjh lq
wudgh/ zklfk lv lq frqwudvw wr wkh vwdqgdug dqdo|vlv zkhuh sduw ri wkh vkruw vlgh ri
wkh pdunhw pd| qrw eh vhuyhg ghvslwh wkh suhvhqfh ri jdlqv iurp wudgh1
Nh|zrugv= Ohprqv sureohp/ frpshwlwlyh vhdufk pdunhwv1
MHO Fodvvlfdwlrq Qxpehuv= G;5/ G;61
Ilqdqfldo vxssruw iurp Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw/ Vrqghuiruvfkxqjvehuhlfk 837/ lv judwh0
ixoo| dfnqrzohgjhg1
|Fruuhvsrqglqj dxwkru1 Vrqghuiruvfkxqjvehuhlfk 837/ Xqlyhuvlw| ri Pdqqkhlp/ O46/ 48/ 9;464
Pdqqkhlp/ Jhupdq|1 Hpdlo= lqghuvwCvie8371xql0pdqqkhlp1gh1
}Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Pdqqkhlp/ D8/ 9;464 Pdqqkhlp/ Jhupdq|1 Hpdlo=
kpxhoohuCsrro1xql0pdqqkhlp1gh1 XUO= kwws=22zzz1yzo1xql0pdqqkhlp1gh2ohkuvw2khoozlj2krojhu1
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4 Lqwurgxfwlrq
Vlqfh wkh vhplqdo frqwulexwlrq e| Dnhuori +4<:3,/ hfrqrplvwv kdyh vxjjhvwhg ydulrxv
zd|v wr ghdo zlwk wkh ohprqv sureohp1 W|slfdoo|/ wkhvh vxjjhvwlrqv lqyroyh wkh xvh ri
d vruwlqj yduldeoh vxfk dv hgxfdwlrq +Vshqfh 4<:6,/ ghgxfwleohv lq lqvxudqfh srolflhv
+Urwkvfklog dqg Vwljolw} 4<:9,/ ru zduudqwlhv +Jurvvpdq 4<;3,1 Li wkh pdujlqdo udwh ri
vxevwlwxwlrq ehwzhhq prqh| dqg wkh vruwlqj yduldeoh glhuv ehwzhhq glhuhqw w|shv ri
lqiruphg djhqwv +vlqjoh0furvvlqj surshuw|,/ wkh vruwlqj yduldeoh fdq eh xvhg wr vhsdudwh
djhqwv dffruglqj wr wkhlu w|shv1 Lq pdq| sudfwlfdo vlwxdwlrqv ri lqwhuhvw/ krzhyhu/ h{solflw
vruwlqj yduldeohv hlwkhu gr qrw h{lvw ru duh qrw hpsor|hg iru zkdwhyhu uhdvrqv1 Iru
lqvwdqfh/ lq wkh pdunhw iru vhfrqg0kdqg fduv/ zduudqwlhv w|slfdoo| sod| qr uroh/ h{fhsw
shukdsv zkhq wkh vhoohu lv d surihvvlrqdo fdu ghdohu1 Qhyhuwkhohvv/ lw dsshduv wkdw fduv ri
glhuhqw txdolwlhv duh iuhtxhqwo| wudghg dw glhuhqw sulfhv1 Lq wklv frqqhfwlrq/ rzqhuv ri
xvhg fduv idfh d wudghr ehwzhhq dvnlqj iru d kljk sulfh dqg vhoolqj wkh fdu idvw1 Pruh
suhflvho|/ li wkh dvnlqj sulfh lv orz/ fdu rzqhuv fdq xvxdoo| vhoo wkhlu fdu zlwklq d vkruwhu
wlph vlqfh lw lv hdvlhu wr qg d srwhqwldo ex|hu1 Lq wklv sdshu/ zh dujxh wkdw wkh ghflvlrq
zkhwkhu wr dvn iru d kljk ru orz sulfh ghshqgv rq wkh xwlolw| zklfk wkh fxuuhqw rzqhu
ghulyhv iurp xvlqj wkh fdu xqwlo wkh fdu lv vrog1 Lq sduwlfxodu/ zh dujxh wkdw rzqhuv ri
kljk0txdolw| fduv ghulyh d juhdwhu xwlolw| dqg duh wkxv ohvv hdjhu wr vhoo wkdq rzqhuv ri
orz0txdolw| fduv1 Dv dq looxvwudwlrq/ frqvlghu wkh iroorzlqj h{dpsoh1
H{dpsoh 41 Xqolnh uholdeoh fduv/ xquholdeoh fduv iuhtxhqwo| uhtxluh dq hqjlqh
ryhukdxo/ uhsdlu/ ru uhsodfhphqw ri sduwv1 Dffruglqjo|/ rzqhuv ri xquholdeoh
fduv qhhg wr vshqg pruh wlph dqg prqh| rq nhhslqj wkhlu fdu uxqqlqj wkdq
rzqhuv ri uholdeoh fduv1
Fohduo|/ wkh lghd wkdw djhqwv ghulyh glhuhqw + rz, xwlolwlhv xqwlo wudgh wdnhv sodfh lv qrw
uhvwulfwhg wr wkh pdunhw iru vhfrqg0kdqg fduv1 Frqvlghu wkh iroorzlqj h{dpsoh1
H{dpsoh 51 Pruh deoh zrunhuv w|slfdoo| shuirup ehwwhu lq wkhlu mre wkdq ohvv
deoh zrunhuv/ zklfk uhvxowv lq kljkhu sd|/ pruh dssuhfldwlrq/ dqg juhdwhu mre
vdwlvidfwlrq1 Frqvhtxhqwo|/ pruh deoh zrunhuv duh ohvv hdjhu wr qg d qhz
mre dqg fdq ghyrwh pruh wlph wr rq0wkh0mre vhdufk1
Vrphwlphv/ rzqhuv ri orz0txdolw| jrrgv duh ohvv sdwlhqw qrw ehfdxvh wkh| ghulyh d orzhu
xwlolw|/ exw ehfdxvh lw lv pruh olnho| wkdw wkh jrrg euhdnv grzq ehiruh lw lv vrog1
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H{dpsoh 61 Pdfklqhv wkdw duh roghu dqg2ru kdyh ehhq xvhg pruh khdylo| duh
pruh olnho| wr euhdn grzq wkdq htxlydohqw pdfklqhv wkdw duh qhz ru kdyh
ehhq xvhg ohvv1 Frqvhtxhqwo|/ wkh olnholkrrg wkdw wkh pdfklqh euhdnv grzq
ehiruh lw lv vrog lv juhdwhu iru rog ru pruh khdylo| xvhg pdfklqhv1
Lq doo wkuhh fdvhv/ wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq prqh| dqg wkh wlph lw
wdnhv xqwlo wudgh rffxuv lv juhdwhu iru jrrg w|shv wkdq iru edg w|shv1 Wkxv/ wkh
vlqjoh0furvvlqj surshuw| krogv hyhq li dq h{solflw vruwlqj yduldeoh grhv qrw h{lvw1 Wklv
lpsolhv wkdw lq pdunhwv zkhuh ex|huv dqg vhoohuv hqjdjh lq vhdufk ehiruh wudgh wdnhv
sodfh/ vhsdudwlrq ri w|shv pd| dulvh qdwxudoo|1 Zkloh orz0txdolw| jrrgv vhoo idvw exw dw
d orz sulfh/ kljk0txdolw| jrrgv vhoo dw d kljkhu sulfh exw flufxodwh orqjhu1
Lq rxu prgho/ zh frqvlghu d vhdufk pdunhw wkdw lv glylghg lqwr ydulrxv vxepdunhwv1
Hdfk vxepdunhw lv fkdudfwhul}hg e| d xqltxh sulfh1 Wkhuh duh wkuhh w|shv ri djhqwv=
srwhqwldo ex|huv +l1h1 djhqwv zkr duh qrw lqlwldoo| hqgrzhg zlwk d jrrg,/ srwhqwldo
vhoohuv ri kljk0txdolw| jrrgv/ dqg srwhqwldo vhoohuv ri orz0txdolw| jrrgv1 Zkhwkhu d
srwhqwldo vhoohu lv hqgrzhg zlwk d kljk0 ru orz0txdolw| jrrg lv sulydwh lqirupdwlrq1 Wkh
prgho lv vhw lq frqwlqxrxv wlph1 Lq olqh zlwk wkh deryh dujxphqw/ zh dvvxph wkdw kljk0
txdolw| vhoohuv ghulyh d juhdwhu + rz, xwlolw| gxulqj wkhlu vhdufk wkdq orz0txdolw| vhoohuv1
Srwhqwldo ex|huv dqg vhoohuv pxvw pdnh wzr ghflvlrqv= l, zkhwkhu wr hqwhu wkh pdunhw
dw doo/ dqg li |hv/ ll, zklfk vxepdunhw wr hqwhu1 Zkhq d srwhqwldo ex|hu lv pdwfkhg
zlwk d srwhqwldo vhoohu/ wkh ex|hu sd|v wkh vhoohu wkh sulfh suhydlolqj lq wkh uhvshfwlyh
vxepdunhw1 Vxevhtxhqwo|/ erwk wkh ex|hu dqg wkh vhoohu ohdyh1
Zklfk jrrgv duh wudghg lq htxloleulxp ghshqgv rq uhodwlrq ehwzhhq wkh wrwdo qxpehu
ri srwhqwldo ex|huv dqg vhoohuv lq wkh hfrqrp|1 Li wkhuh duh pruh orz0txdolw| vhoohuv wkdq
ex|huv/ rqo| orz0txdolw| jrrgv duh wudghg1 Khqfh/ wklv fdvh lv vlplodu wr wkh vwdqgdug
frpshwlwlyh dqdo|vlv zkhuh wkh kljk0txdolw| jrrg lv gulyhq rxw ri wkh pdunhw1 Frq0
yhuvho|/ li wkh qxpehu ri ex|huv h{fhhgv wkh qxpehu ri orz0txdolw| vhoohuv/ erwk orz0
dqg kljk0txdolw| jrrgv duh wudghg1 Pruhryhu/ hdfk w|sh ri jrrg lv wudghg lq d glhuhqw
vxepdunhw dqg wkxv frppdqgv d glhuhqw sulfh/ zklfk lpsolhv wkdw wkh htxloleulxp lv
ixoo| vhsdudwlqj1 Wr hqvxuh wkdw orz0txdolw| vhoohuv gr qrw hqwhu wkh vxepdunhw iru kljk0
txdolw| jrrgv/ jrrgv lq wkh kljk0txdolw| vxepdunhw pxvw flufxodwh orqjhu ehiruh wkh| duh
vrog1 Dgglwlrqdoo|/ doo phpehuv ri wkh vkruw vlgh ri wkh pdunhw +l1h1 srwhqwldo vhoohuv li
wkh qxpehu ri srwhqwldo vhoohuv h{fhhgv wkh qxpehu ri srwhqwldo ex|huv/ dqg ylfh yhuvd,
hqjdjh lq wudgh1 Wklv lv lq frqwudvw wr wkh vwdqgdug frpshwlwlyh dqdo|vlv/ zkhuh sduw ri
wkh vkruw +$, vlgh ri wkh pdunhw lv vrphwlphv qrw vhuyhg1
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Wklv sdshu lv qrw wkh uvw wr frqvlghu pdunhwv zkhuh wudgh wdnhv sodfh lq glhuhqw
vxepdunhwv1 Vlplodu vhwwlqjv duh h{dplqhg lq Jdoh +4<<5,/ Shwhuv +4<<:,/ dqg Prhq
+4<<:,1 Xqolnh rxu prgho/ krzhyhu/ Jdoh dqg Shwhuv frqvlghu d vwdwlf vhwwlqj zkhuh doo
wudgh wdnhv sodfh lqvwdqwdqhrxvo|1 Pruh uhodwhg wr rxu sdshu lv wkh zrun e| Prhq1 Lq
sduwlfxodu/ Prhq dovr dvvxphv wkdw hdfk vxepdunhw frqvwlwxwhv d vhsdudwh vhdufk hqyl0
urqphqw1 Ehvlghv/ wkh htxloleulxp frqglwlrqv lq Prhq*v prgho duh vlplodu wr wkh rqhv
hpsor|hg khuh1 Lq frqwudvw wr rxu sdshu/ krzhyhu/ Prhq grhv qrw frqvlghu sulydwh lqiru0
pdwlrq1 Rxu sdshu lv dovr uhodwhg wr zrun e| Hydqv +4<;<,1 Lq d vhtxhqwldo edujdlqlqj
jdph zlwk lqfrpsohwh lqirupdwlrq dqg fruuhodwhg ydoxhv/ kh vkrzv wkdw d ex|hu fdq xvh
ghod| wr vfuhhq glhuhqw w|shv ri vhoohuv1 Wklv rqo| krogv li wkh ex|hu lv vwulfwo| pruh
sdwlhqw wkdq wkh vhoohu wkrxjk1 Li wklv lv qrw wkh fdvh/ sulfh glvfulplqdwlrq grhv qrw rf0
fxu14 Ilqdoo|/ rxu sdshu lv uhodwhg wr Zlovrq +4<;3,/ zkr frqvlghuv d yhuvlrq ri Dnhuori*v
prgho zkhuh ex|huv glhu lq wkh ydoxh wkh| dwwdfk wr fduv ri wkh vdph txdolw|1 Olnh wkh
ruljlqdo prgho e| Dnhuori/ Zlovrq*v prgho lv vwdwlf1 Zlovrq vkrzv wkdw wkh qdwxuh ri
htxloleulxp lv h{wuhpho| vhqvlwlyh wr wkh suhydlolqj sulfh0vhwwlqj frqyhqwlrq/ l1h1 zkhwkhu
sulfhv duh vhw e| ex|huv/ vhoohuv/ ru d Zdoudvldq dxfwlrqhhu1 Lq sduwlfxodu/ wkhuh pd| h{lvw
pxowlsoh htxloleuld/ vrph ri zklfk h{klelw sulfh glvshuvlrq1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho dqg
ghqhv wkh htxloleulxp frqfhsw1 Dv d ehqfkpdun/ Vhfwlrq 6 ghulyhv wkh vhw ri frpshwlwlyh
htxloleuld li wudgh wdnhv sodfh lqvwdqwdqhrxvo|1 Vhfwlrq 7 frqwdlqv wkh pdlq dqdo|vlv1
Vhfwlrq 8 glvfxvvhv vrph h{whqvlrqv/ dqg frqfoxglqj uhpdunv duh rhuhg lq Vhfwlrq 91
5 Wkh Prgho
514 Djhqwv dqg Suhihuhqfhv
Djhqwv duh hlwkhu hqgrzhg zlwk }hur ru rqh xqlw ri dq lqglylvleoh jrrg1 Zh iuhtxhqwo|
uhihu wr djhqwv zkr duh hqgrzhg zlwk }hur xqlwv dv srwhqwldo ex|huv dqg djhqwv zkr duh
hqgrzhg zlwk rqh xqlw dv srwhqwldo vhoohuv1 Wkh jrrg frphv lq wzr glhuhqw txdolwlhv
^ 5 ’ ’ i,c j c zkhuh , vwdqgv iru orz txdolw| dqg  vwdqgv iru kljk txdolw|1 Doo djhqwv
duh ulvn qhxwudo dqg glvfrxqw ixwxuh sd|rv zlwk wkh vdph udwh o : f Wkh prgho lv vhw
lq frqwlqxrxv wlph zlwk dq lqqlwh wlph krul}rq1 Srwhqwldo vhoohuv ghulyh d frqvwdqw  rz
xwlolw| ^ iurp xvlqj wkh jrrg1 Li wkh jrrg lv vrog/ wkh  rz xwlolw| lv }hur1 Olnhzlvh/ wkh
 rz xwlolw| ri srwhqwldo ex|huv ehiruh dqg diwhu wkh sxufkdvh lv }hur dqg ^c uhvshfwlyho|1
4D vlplodu srlqw lv dovr pdgh e| Ylqfhqw +4<;<,1
7
Iru erwk w|shv ri djhqwv/ zh dvvxph wkdw wkh  rz xwlolw| iurp d kljk0txdolw| jrrg lv
juhdwhu wkdq iurp d orz0txdolw| jrrg/ l1h1  : , : f dqg  : , : f Pruhryhu/
zh dvvxph wkdw wkhuh duh vwulfwo| srvlwlyh jdlqv iurp wudgh iru erwk w|shv ri jrrgv/ l1h1
 :  dqg , : , Ilqdoo|/ dq| djhqw fdq ghulyh xwlolw| iurp dw prvw rqh xqlw ri wkh
jrrg dw dq| srlqw lq wlph1 Iru lqvwdqfh/ li wkh jrrg lv d fdu/ wklv phdqv wkdw dq djhqw
rqo| ghulyhv xwlolw| iurp gulylqj wkh fdu/ qrw iurp rzqlqj lw shu vh1
Wkh dvvhw ydoxh ri d jrrg lv ghqhg dv wkh glvfrxqwhg vwuhdp ri xwlolwlhv ghulyhg
iurp xvlqj wkh jrrg xqwlo wkh lqghqlwh ixwxuh1 Dffruglqjo|/ wkh dvvhw ydoxh ri d jrrg
ri txdolw| ^ iru d srwhqwldo vhoohu lv T^ ’ ^*oc dqg wkh fruuhvsrqglqj dvvhw ydoxh iru d
srwhqwldo ex|hu lv L^ ’ ^*o1
Gxulqj rqh xqlw ri wlph +zkdw frqvwlwxwhv d wlph xqlw lv lpsolflwo| ghqhg e| wkh
glvfrxqw udwh o,/ wkh phdvxuh rqh ri djhqwv dsshduv dw wkh pdunhw iulqjh15 Ri wkhvh
djhqwv/ d iudfwlrq K 5 Efc  duh srwhqwldo ex|huv1 Wkh iudfwlrq   K ’ r ri srwhqwldo
vhoohuv lv glylghg ixuwkhu lqwr d iudfwlrq r : f ri rzqhuv ri wkh kljk0txdolw| jrrg dqg
d iudfwlrq r, : f ri rzqhuv ri wkh orz0txdolw| jrrg1 Wkh txdolw| ri d jrrg lv sulydwh
lqirupdwlrq1 Iru frqyhqlhqfh/ zh uhvwulfw dwwhqwlrq wr jhqhulf sdudphwhu ydoxhv K 9’ rc
K 9’ r^ iru doo ^ 5 ’c dqg  9’ , Djhqwv dsshdulqj dw wkh pdunhw iulqjh fdq fkrrvh
zkhwkhu wr hqwhu ru vwd| rxwvlgh1 Li wkh| gr qrw hqwhu/ wkhlu xwlolw| lv ghwhuplqhg e| wkhlu
lqlwldo hqgrzphqw1 Wr dyrlg wkdw wkh pdunhw iulqjh forjv xs ryhu wlph +zklfk pd| eh
wkh fdvh zkhq djhqwv duh lqglhuhqw ehwzhhq hqwhulqj wkh pdunhw dqg vwd|lqj rxwvlgh,/
djhqwv pxvw ghflgh lpphgldwho| zkhwkhu wr hqwhu ru qrw1
515 Pdwfklqj Whfkqrorj|
Wkh jrrg lv wudghg lq d vhdufk pdunhw zkhuh srwhqwldo ex|huv duh pdwfkhg zlwk srwhqwldo
vhoohuv1 Zkloh vhdufklqj/ djhqwv lqfxu d wlph0lqyduldqw vhdufk frvw S : f Wkh pdunhw
frqvlvwv ri d frqwlqxxp ri srwhqwldo ex|huv dqg vhoohuv/ zklfk lpsolhv wkdw wkh suredelolw|
ri wudgh lv ghwhuplqhg e| wkh uhvshfwlyh phdvxuhv ri djhqwv hqjdjlqj lq vhdufk1 Zh
uhvwulfw dwwhqwlrq wr vwdwlrqdu| htxloleuld zkhuh wkh vwrfn ri djhqwv lv frqvwdqw ryhu wlph
+vhh frqglwlrq +H15, ehorz,1 Wkh phdvxuh ri srwhqwldo ex|huv lq wkh pdunhw lv ghqrwhg e|
qc dqg wkh phdvxuh ri srwhqwldo vhoohuv ri w|sh ^ lv ghqrwhg e| j^ Wkh phdvxuh ri ex|hu0
vhoohu pdwfkhv shu xqlw ri wlph lv h{suhvvhg e| wkh pdwfklqj ixqfwlrq %Eqc jc zkhuh
5E| xvlqj srwhqwldo hqwudqwv dv sulplwlyhv/ zh iroorz Jdoh +4<;:, dqg Shwhuv +4<<5,1 Lq frqwudvw/
Uxelqvwhlq dqg Zrolqvn| +4<;8, xvh wkh vwrfn ri djhqwv lq wkh pdunhw dv sulplwlyhv dqg dgmxvw wkh  rz
ri hqwudqwv wr suhvhuyh vwdwlrqdulw|1 Rq wklv srlqw/ vhh dovr Rveruqh dqg Uxelqvwhlq +4<<5/ Fk1:,1
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j ’ j, n j1 Iroorzlqj vwdqgdug dvvxpswlrqv/ wkh pdwfklqj ixqfwlrq lv frqwlqxrxv dqg
krprjhqhrxv ri ghjuhh rqh lq erwk dujxphqwv1 Wkh wudqvlwlrq udwhv iru srwhqwldo ex|huv
dqg vhoohuv duh wkhq %Eqc j*q ’ %Ec *& ’ sE& dqg %Eqc j*j ’ sE&&c uhvshfwlyho|/
zkhuh & ’ q*j ghqrwhv wkh pdunhw wljkwqhvv iurp wkh shuvshfwlyh ri srwhqwldo ex|huv16
Ghqh }E& ’ sE&& Iroorzlqj djdlq vwdqgdug dvvxpswlrqv/ sE& lv vwulfwo| ghfuhdvlqj
lq & zlwk olplwv *4&<f sE& ’ 4 dqg *4&<" sE& ’ f/ dqg }E& lv vwulfwo| lqfuhdvlqj
lq & zlwk olplwv *4&<f }E& ’ f dqg *4&<" }E& ’ 41 Wkh vhdufk pdunhw lv ixoo|
fkdudfwhul}hg e| wkh wljkwqhvv &c wkh glvwulexwlrq ri rhuhg txdolwlhv ZE^ ’ j^*jc dqg
wkh suhydlolqj sulfh R1 Iru frqyhqlhqfh/ zh dvvxph wkdw R olhv lq d vx!flhqwo| odujh
frpsdfw lqwhuydo1 Qrwh wkdw e| uhvwulfwlqj dwwhqwlrq wr sulfhv/ zh lpsolflwo| uxoh rxw
pruh frpsolfdwhg frqwudfwxdo duudqjhphqwv/ h1j1 zkhuh ex|huv duh jlyhq dq rswlrq wr
vhoo edfn wkh jrrg diwhu wkh| kdyh ohduqhg lwv txdolw|1
516 Dvvhw Ydoxh Htxdwlrqv
Ghqrwh e| T ^ E&c R wkh xwlolw| ri d srwhqwldo vhoohu ri d jrrg ri txdolw| ^ lq d pdunhw
zlwk wljkwqhvv & dqg sulfh R1 Wkh dvvhw ydoxh htxdwlrq iru T ^ E&c R lv
oT ^ E&c R ’ Sn ^ n }E&
k
R T ^ E&c R
l
c
zklfk fdq eh uhduudqjhg dv
T ^ E&c R ’
^  Sn }E&R
o n }E&
 +4,
Khqfh/ srwhqwldo vhoohuv ri d kljk0txdolw| jrrg ghulyh d juhdwhu xwlolw| iurp vhdufk wkdq
srwhqwldo vhoohuv ri d orz0txdolw| jrrg/ zklfk lpsolhv wkdw wkh| duh ohvv hdjhu wr vhoo dqg
pruh uhdg| wr dffhsw d orqjhu vhdufk wlph1
Olnhzlvh/ ghqrwh e| LEZc &c R wkh +h{shfwhg, xwlolw| ri d srwhqwldo ex|hu hqjdjlqj
lq vhdufk1 Iru reylrxv uhdvrqv/ wklv xwlolw| ghshqgv rq wkh glvwulexwlrq ri txdolwlhv lq
wkh pdunhw1 Wkh dvvhw ydoxh htxdwlrq iru LEZc &c R lv
oLEZc &c R ’ Sn sE&
5
7[
^M'
ZE^L^  R L
EZc &c R
6
8 c
6Wkh pdunhw wljkwqhvv lv dq lqgluhfw phdvxuh ri wkh h{shfwhg wlph zklfk jrrgv pxvw flufxodwh ehiruh
wudgh wdnhv sodfh1 Dv wkh wljkwqhvv lv ghqhg iurp wkh shuvshfwlyh ri srwhqwldo ex|huv/ d juhdwhu wljkwqhvv
lpsolhv d vkruwhu flufxodwlrq wlph1
9
zklfk fdq eh uhduudqjhg dv
LEZc &c R ’
Sn sE&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^M' ZE^L^  R
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517 Htxloleulxp Frqglwlrqv
Wkh judqg pdunhw frqvlvwv ri vhyhudo vxepdunhwv/ zklfk duh lqgh{hg e| qdwxudo qxp0
ehuv ? 5  ’ ic 2c c 7?j1 Hdfk vxepdunhw frqvwlwxwhv dq lqghshqghqw vhdufk hqyl0
urqphqw/ zklfk lpsolhv wkdw d vxepdunhw lv ixoo| fkdudfwhul}hg e| wkh wulsoh EZ?c &?c R?
uhsuhvhqwlqj wkh glvwulexwlrq ri rhuhg txdolwlhv/ wkh wljkwqhvv/ dqg wkh suhydlolqj sulfh1
Erwk srwhqwldo vhoohuv dqg ex|huv pxvw ghflgh l, zkhwkhu ru qrw wr hqwhu wkh judqg pdu0
nhw/ dqg ll, li hqwu| rffxuv/ zklfk ri wkh ? vxepdunhwv wr fkrrvh17 Li erwk ghflvlrqv duh
pdgh rswlpdoo|/ wkh xwlolw| ri d srwhqwldo vhoohu lv
T W^ ’ 4@ 

T^c4@ 
?M
T ^ E&
?c R?


Olnhzlvh/ wkh xwlolw| ri d srwhqwldo ex|hu lv
LW ’ 4@ 

fc4@ 
?M
LEZ?c &?c R?


Jlyhq wkdw vhdufk lv frvwo|/ lw lv rswlpdo iru erwk sduwlhv wr ohdyh wkh judqg pdunhw
rqfh wudgh kdv rffxuuhg1 Pruhryhu/ vlqfh wkh vwrfn ri srwhqwldo ex|huv dqg vhoohuv lq
wkh pdunhw lv vwdwlrqdu| dqg wkh +h{shfwhg, qxpehu ri pdwfkhv lv frqvwdqw/ hqwu|  rzv
pxvw dovr eh vwdwlrqdu|1 Wkh phdvxuh ri srwhqwldo ex|huv dqg vhoohuv ri d jrrg ri txdolw|
^ hqwhulqj vxepdunhw ? lv ghqrwhg e| K? dqg r?^ / uhvshfwlyho|1 Iru doo ? 5  / ghqh
T W^c.t? ’ 4@ iT^c 4@ 
?M.t?
T ^ E&
?c R?

j
dqg
LW.t? ’ 4@ ifc 4@ 
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LEZ?
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D vhdufk pdunhw htxloleulxp lv fkdudfwhul}hg e| wkuhh frqglwlrqv= l, rswlpdolw|/ ll, vwd0
wlrqdulw|/ dqg lll, frpshwlwlyhqhvv1
7Zh lpsolflwo| dvvxph wkdw rqfh d vxepdunhw lv fkrvhq/ djhqwv pxvw vwd| lq wklv vxepdunhw xqwlo
wudgh rffxuv1 Wklv dvvxpswlrq lv rqo| uhvwulfwlyh li djhqwv duh lqglhuhqw ehwzhhq glhuhqw vxepdunhwv
ru ehwzhhq hqwhulqj dqg qrw hqwhulqj wkh judqg pdunhw/ lq zklfk fdvh wkh| pd| zdqw wr vzlwfk edfn
dqg iruwk ehwzhhq vxepdunhwv ru ehwzhhq wkh judqg pdunhw dqg wkhlu rxwvlgh rswlrq1 Doorzlqj iru wklv
srvvlelolw| lv vwudljkwiruzdug exw grhv qrw |lhog dq| dgglwlrqdo lqvljkw1
:
+H14, Rswlpdolw|1 Wkh ghflvlrq wr hqwhu d vxepdunhw pxvw eh rswlpdo iru doo djhqwv1
Dffruglqjo|/ wkh phdvxuh ri srwhqwldo vhoohuv ri d jrrg ri txdolw| ^ hqwhulqj vxepdunhw
? pxvw vdwlvi|
r?^ ’
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AAA=
f li T ^ E&
?c R? 	 T W^c.t?
r^ li T

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
^ E&
?c R? ’ T W^c.t?
iru doo ? 5  / zkhuh
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Olnhzlvh/ wkh phdvxuh ri srwhqwldo ex|huv hqwhulqj vxepdunhw ? pxvw vdwlvi|
K? ’
;AAA?
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f li LEZ?c &?c R? 	 LW.t?
K li LEZ?c &?c R? : LW.t?
5 dfc Ko li LEZ?c &?c R? ’ LW.t?
iru doo ? 5  / zkhuh
S
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Qrwh wkdw +H14, frqwdlqv wkh reylrxv uhtxluhphqw wkdw wkh phdvxuh ri djhqwv hqwhulqj
wkh judqg pdunhw fdqqrw h{fhhg wkh phdvxuh ri djhqwv duulylqj dw wkh pdunhw iulqjh1
+H15, Vwdwlrqdulw|1 Lq doo vxepdunhwv/ wkh  rz ri hqwulhv pxvw htxdo wkh  rz ri
h{lwv/ l1h1 r?^ ’ j
?
^ }E&
? iru ^ 5 ’c dqg K? ’ q?sE&? iru doo ? 5 
Dv wkh qxpehu ri ex|hu0vhoohu pdwfkhv lv frqvwdqw/ +H15, dxwrpdwlfdoo| lpsolhv wkdw
wkh vwrfn ri djhqwv lq hdfk vxepdunhw pxvw eh vwdwlrqdu|1
Ilqdoo|/ zh frph wr rxu odvw frqglwlrq/ zklfk vwdwhv wkdw lq htxloleulxp/ lw pxvw qrw
eh surwdeoh wr rshq d qhz vxepdunhw/ l1h1 wr rhu d sulfh wkdw lv glhuhqw iurp wkh
douhdg| h{lvwlqj sulfhv1 Ehorz/ zh rqo| frqvlghu wkh fdvh zkhuh ex|huv fdq rshq qhz
vxepdunhwv1 Lq Vhfwlrq 8/ zh vkrz wkdw wkh prgho fdq eh vwudljkwiruzdugo| h{whqghg wr
wkh fdvh zkhuh vxepdunhwv fdq eh rshqhg e| hlwkhu ex|huv ru vhoohuv1 Zkhwkhu rshqlqj
d qhz vxepdunhw lv surwdeoh ghshqgv rq wkh sulfh Rc wkh hqvxlqj wljkwqhvv &c dqg wkh
dwwudfwhg glvwulexwlrq ri txdolwlhv Z1 Jlyhq d sdlu ri htxloleulxp xwlolwlhv iT W^ j^M' dqg
d ghyldwlqj rhu R *5 iR? m ? 5 j c zkhuh R : 4@ ^M' T
W
^ c dq| sdlu E&c Z wkdw lv
frqvlvwhqw zlwk ERc iT W^ j^M' pxvw vdwlvi| T

^ E&c R ’ T
W
^ li ZE^ : f dqg T

^ E&c R  T
W
^
li ZE^ ’ f Lq zrugv/ li d sduwlfxodu w|sh ri vhoohu lv dwwudfwhg e| wkh qhz vxepdunhw/ wkh
flufxodwlrq wlph pxvw dgmxvw xqwlo kh lv lqglhuhqw ehwzhhq wkh qhz vxepdunhw dqg wkh
vhw ri h{lvwlqj vxepdunhwv1 Frqyhuvho|/ dq| w|sh ri vhoohu wkdw lv qrw dwwudfwhg e| wkh
qhz vxepdunhw pxvw zhdno| suhihu wkh vhw ri h{lvwlqj vxepdunhwv wr wkh qhz rqh1 Wkh
vhw ri doo sdluv E&c Z wkdw duh frqvlvwhqw zlwk ERc iT W^ j^M' lv ghqrwhg e| 8 ERc iT
W
^ j^M'
;
Ghyldwlrqv ri wkh irup R  4@ ^M' T
W
^ fdq eh vdiho| uxohg rxw dv wkh| ohdg wr lqqlwh
ghod| dqg wkxv wr lqqlwh vhdufk frvw1 Wkxv/ iru doo sulfhv R  4@ ^M' T
W
^ c zh vhw & ’4
+H16, Frpshwlwlyhqhvv1 Lq htxloleulxp/ lw pxvw qrw eh surwdeoh wr rshq qhz
vxepdunhwv lq dgglwlrq wr wkh  h{lvwlqj vxepdunhwv1 Pruh suhflvho|/ jlyhq wkh htxlole0
ulxp xwlolwlhv LW dqg iT W^ j^M'c wkhuh pxvw qrw h{lvw d sulfh R *5 iR
? m ? 5 j vxfk wkdw
LEZc &c R : LW iru doo E&c Z 5 8 ERc iT W^ j^M'1
Revhuyh wkdw wkh uhtxluhphqw wkdw d ghyldwlrq pxvw eh surwdeoh iru doo E&c Z 5
8 ERc iT W^ j^M' lv pruh uhvwulfwlyh wkdq wkh dowhuqdwlyh uhtxluhphqw wkdw d ghyldwlrq
pxvw rqo| eh surwdeoh iru vrph E&c Z 5 8 ERc iT W^ j^M' Lq sulqflsoh/ ghvwur|lqj dq
htxloleulxp lv pxfk hdvlhu xqghu wkh odwwhu uhtxluhphqw/ zklfk lpsolhv wkdw Ohppd 5
ehorz zrxog eh ohvv phdqlqjixo1 Qrwzlwkvwdqglqj wklv dujxphqw/ krzhyhu/ wkh htxloleuld
fkdudfwhul}hg lq Sursrvlwlrqv 406 doo krog xqghu wklv dowhuqdwlyh uhtxluhphqw1
Wr vxppdul}h/ d vhdufk pdunhw htxloleulxp frqvlvwv ri d qlwh vhw  ri vxepdunhwv
zlwk fkdudfwhulvwlfv EZ?c &?c R? dqg hqwu|  rzv K? dqg r?^ vdwlvi|lqj frqglwlrqv +H14,0
+H16,1 Dv d ehqfkpdun/ zh uvw ghulyh wkh vhw ri frpshwlwlyh htxloleuld iru d vwdwlf
yhuvlrq ri rxu prgho zkhuh sulfhv duh vhw e| d Zdoudvldq dxfwlrqhhu wr htxdwh vxsso|
dqg ghpdqg1 Zh wkhq surfhhg zlwk wkh dqdo|vlv ri vhdufk pdunhw htxloleuld1
6 Vwdqgdug Frpshwlwlyh Dqdo|vlv
Frqvlghu d vwdwlf yhuvlrq ri rxu prgho lq zklfk wudgh wdnhv sodfh lqvwdqwdqhrxvo|1 Wkh
hfrqrp| lv srsxodwhg e| d phdvxuh rqh ri djhqwv/ ri zklfk d iudfwlrq K 5 Efc  frqvwl0
wxwhv srwhqwldo ex|huv1 Wkh iudfwlrq  K ’ r ri srwhqwldo vhoohuv lv glylghg ixuwkhu lqwr
d iudfwlrq r : f ri rzqhuv ri d kljk0txdolw| jrrg dqg d iudfwlrq r, : f ri rzqhuv ri d
orz0txdolw| jrrg1 Wkh xwlolwlhv ri srwhqwldo vhoohuv dqg ex|huv iurp xvlqj wkh jrrg duh
^ dqg ^c uhvshfwlyho|/ zkhuh ^ 5 ’ Wkh vxsso| fruuhvsrqghqfh lv
7ER ’
;AAAAAAAAA?
AAAAAAAA=
f li R 	 ,
5 dfc r,o li R ’ ,
r, li , 	 R 	 
5 dr,c ro li R ’ 
r li R : 
Fohduo|/ zkhqhyhu d srvlwlyh iudfwlrq ri wkh kljk0txdolw| jrrg lv vxssolhg/ wkh hqwluh
iudfwlrq ri wkh orz0txdolw| jrrg pxvw eh vxssolhg dv zhoo1 Iru d jlyhq ydoxh 7 : fc
<
wkh glvwulexwlrq ri txdolwlhv lv wkhuhiruh ZEc 7 ’ 4@ ifc 7  r,j *7 dqg ZE,c 7 ’
 ZEc 7 Khqfh/ wkh ghpdqg fruuhvsrqghqfh lv
(ERc Z ’
;AAA?
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f li ZE,, n ZE 	 R
5 dfc Ko li ZE,, n ZE ’ R
K li ZE,, n ZE : R
D frpshwlwlyh htxloleulxp lv d wulsoh E(c7c R vxfk wkdw ( ’ 7  f/ 7 5 7ER/ dqg
( 5 (ERc ZE71 Uhfdoo wkdw zh uhvwulfw dwwhqwlrq wr jhqhulf sdudphwhu ydoxhv1 Zh
fdq wkhq glvwlqjxlvk ehwzhhq wkuhh fdvhv1 Wkh uvw wzr fdvhv uhsuhvhqw ex|hu pdunhwv
+r : K,/ zkhuhdv wkh wklug fdvh uhsuhvhqwv d vhoohu pdunhw +K : r,1 Vlqfh wkh dqdo|vlv lv
vwdqgdug/ zh frqqh rxuvhoyhv wr vxppdul}lqj wkh uhvxowv1
Fdvh 4 +r, : K,1 Wkhuh h{lvwv d xqltxh htxloleulxp zkhuh doo srwhqwldo ex|huv
sxufkdvh d orz0txdolw| jrrg dw wkh sulfh R ’ ,1
Fdvh 5 +r : K : r,,1 Zh fdq glvwlqjxlvk ehwzhhq wkuhh vxefdvhv1 Li  	 ,/ wkhuh
duh jdlqv iurp wudgh uhjdugohvv ri wkh glvwulexwlrq ri txdolwlhv1 Lq wklv fdvh/ wkhuh h{lvwv d
xqltxh htxloleulxp zkhuh erwk orz0 dqg kljk0txdolw| jrrgv duh wudghg dw R ’ 1 Lq wklv
htxloleulxp/ wkh phdvxuh r, ri ex|huv sxufkdvhv wkh orz0txdolw| jrrg/ dqg wkh phdvxuh
K r, ri ex|huv sxufkdvhv wkh kljk0txdolw| jrrg1 Li  : , dqg r,, n EK r, 	 Kc
wkhuh h{lvwv d xqltxh htxloleulxp zkhuh rqo| wkh orz0txdolw| jrrg lv wudghg dw wkh sulfh
R ’ ,1 Wkh phdvxuh K  r, ri srwhqwldo ex|huv grhv qrw wudgh ghvslwh wkh suhvhqfh ri
kljk0txdolw| vhoohuv lq wkh pdunhw1 Ilqdoo|/ li  : , dqg r,, n EK r,  K/ wkhuh
h{lvw wzr htxloleuld1 Hlwkhu rqo| wkh orz0txdolw| jrrg lv wudghg dw wkh sulfh R ’ ,/ ru
erwk wkh orz0 dqg kljk0txdolw| jrrg duh wudghg dw wkh sulfh R ’ 1
Fdvh 6 +K : r,1 Wkh dqdo|vlv lv vlplodu wr Fdvh 51 Zh fdq djdlq glvwlqjxlvk ehwzhhq
wkuhh vxefdvhv1 Li  	 ,c wkhuh h{lvwv d xqltxh htxloleulxp zkhuh doo jrrgv duh wudghg
dw wkh sulfh R ’ E,r, n r *rc zklfk lpsolhv wkdw srwhqwldo ex|huv duh irufhg grzq wr
wkhlu uhvhuydwlrq xwlolw| ri }hur1 Vhfrqg/ li  : , dqg r,, n r 	 rc wkhuh h{lvwv
d xqltxh htxloleulxp zkhuh rqo| wkh orz0txdolw| jrrg lv wudghg dw wkh sulfh R ’ ,1 Lq
wklv fdvh/ wkh phdvxuh r ri kljk0txdolw| vhoohuv grhv qrw wudgh ghvslwh wkh suhvhqfh ri
srwhqwldo ex|huv lq wkh pdunhw1 Ilqdoo|/ li  : , dqg r,,n r  r/ wkhuh h{lvw wzr
htxloleuld1 Hlwkhu rqo| wkh orz0txdolw| jrrg lv wudghg dw wkh sulfh R ’ ,/ ru erwk wkh
orz0 dqg kljk0txdolw| jrrg duh wudghg dw wkh sulfh R ’ E,r, n r *r1
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Wr vxppdul}h/ iru prvw sdudphwhu ydoxhv wkhuh h{lvw jdlqv iurp wudgh zklfk uhpdlq
xqh{kdxvwhg lq htxloleulxp1 Lq sduwlfxodu/ li  : ,c d vwulfwo| srvlwlyh iudfwlrq ri wkh
vkruw vlgh ri wkh pdunhw lv qrw vhuyhg +Fdvhv 5 dqg 6,1 Wklv lv glhuhqw li zh frqvlghu
vhdufk pdunhwv1 Dv lv vkrzq lq wkh iroorzlqj vhfwlrq/ doo phpehuv ri wkh vkruw vlgh ri
wkh pdunhw wkhq hqjdjh lq wudgh li vhdufk frvwv duh vx!flhqwo| orz1
7 Vhdufk Pdunhw Htxloleuld
Zh ehjlq zlwk d fkdudfwhul}dwlrq ri wkh htxloleulxp xwlolwlhv ri wkh orqj vlgh ri wkh
pdunhw1 Iurp +4,/ lw lpphgldwho| iroorzv wkdw
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zklfk lpsolhv wkdw li kljk0txdolw| vhoohuv zhdno| suhihu wr hqwhu wkh +judqg, pdunhw/
orz0txdolw| vhoohuv pxvw vwulfwo| suhihu wr hqwhu1 Vlqfh srwhqwldo ex|huv dqg vhoohuv pxvw
h{lw wkh pdunhw lq sdluv/ wkh orqj vlgh ri wkh pdunhw +ru dw ohdvw sduw ri lw, pxvw eh
lqglhuhqw ehwzhhq hqwhulqj dqg qrw hqwhulqj wr hqvxuh wkdw wkh vwrfn ri djhqwv lq wkh
pdunhw uhpdlqv frqvwdqw1 Zh wkhuhiruh kdyh wkh iroorzlqj uhvxow1
Ohppd 4= Lq htxloleulxp/ wkh iroorzlqj pxvw krog =
Fdvh 4 +r, : K,1 Srwhqwldo vhoohuv ri wkh orz0txdolw| jrrg duh lqglhuhqw ehwzhhq
hqwhulqj dqg qrw hqwhulqj wkh judqg pdunhw/ zkhuhdv srwhqwldo vhoohuv ri wkh kljk0txdolw|
jrrg vwulfwo| suhihu qrw wr hqwhu1 Frqvhtxhqwo|/ doo srwhqwldo vhoohuv pxvw uhfhlyh wkhlu
uhvhuydwlrq xwlolw| T^c zkhuh ^ 5 ’
Fdvh 5 +r : K : r,,1 Srwhqwldo vhoohuv ri wkh orz0txdolw| jrrg vwulfwo| suhihu wr hqwhu wkh
judqg pdunhw/ zkhuhdv srwhqwldo vhoohuv ri wkh kljk0txdolw| jrrg duh lqglhuhqw ehwzhhq
hqwhulqj dqg qrw hqwhulqj1 Frqvhtxhqwo|/ srwhqwldo vhoohuv ri wkh kljk0txdolw| jrrg pxvw
uhfhlyh wkhlu uhvhuydwlrq xwlolw| T1
Fdvh 6 +K : r,1 Srwhqwldo ex|huv duh lqglhuhqw ehwzhhq hqwhulqj dqg qrw hqwhulqj
wkh judqg pdunhw/ zklfk lpsolhv wkdw wkh| pxvw uhfhlyh wkhlu uhvhuydwlrq xwlolw| ri }hur1
Qh{w/ ohw xv ghulyh wkh lqglhuhqfh fxuyh ri d srwhqwldo vhoohu ri w|sh ^1 Vroylqj +4,
iru R dqg vhwwlqj wkh vhoohu*v xwlolw| htxdo wr Tc zh rewdlq
R ’ T n
oT  ^ n S
} E&
 +7,
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Uhfdoo wkdw & uhsuhvhqwv wkh pdunhw wljkwqhvv iurp wkh shuvshfwlyh ri srwhqwldo ex|huv1
Iurp wkh shuvshfwlyh ri srwhqwldo vhoohuv/ dq lqfuhdvh lq & lv wkxv dvvrfldwhg zlwk d
ghfuhdvh lq wkh flufxodwlrq wlph1 Glhuhqwldwlqj +7, zlwk uhvshfw wr & |lhogv8
R E& ’ 
oT  ^ n S
d} E&o2
} E& c +8,
zklfk lpsolhv wkdw wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq wkh sulfh dqg wkh wlph lw
wdnhv xqwlo wkh jrrg lv vrog lv juhdwhu iru kljk0txdolw| vhoohuv wkdq iru orz0txdolw| vhoohuv1
Lq wkh olwhudwxuh/ +8, lv fdoohg vlqjoh0furvvlqj frqglwlrq1 Jlyhq wkdw +8, krogv/ lw lv qrz
vwudljkwiruzdug wr vkrz wkdw qr vxepdunhw dwwudfwv pruh wkdq rqh w|sh ri vhoohu1
Ohppd 5= Lq htxloleulxp/ wkhuh h{lvwv qr srrolqj vxepdunhw19
Ixuwkhupruh/ ghqh iru doo xwlolwlhv T  T^ dqg sulfhv R : T wkh wljkwqhvv &
7
^ ERc T 
wkdw hqvxuhv wkdw hdfk w|sh ri vhoohu uhpdlqv rq klv lqglhuhqfh fxuyh T ^ E&c R ’ &1 E|
+7,/ &7^ ERc T  lv lpsolflwo| ghqhg
}E&7^ ERc T  ’
oT n S ^
R T

Revhuyh wkdw &7^ ERc T  lv xqltxh dqg frqwlqxrxv lq erwk dujxphqwv1 Iru doo sulfhv R  Tc
vhw &7^ ERc T  ’ 41 Jlyhq wklv ghqlwlrq/ zh fdq ghqh iru doo txdolwlhv ^ 5 ’ dqg
xwlolwlhv T  T^ wkh surjudp ^ET  lq zklfk R lv fkrvhq wr pd{lpl}h wkh xwlolw| ri
srwhqwldo ex|huv LEZc &c R vxemhfw wr & ’ &7^ ERc T  dqg ZE^ ’ 1 Qrwh wkdw lq wklv
surjudp/ wkh txdolw| ri wkh jrrg lv nqrzq1 Dv vhdufk frvwv duh vwulfwo| srvlwlyh/ wkh
rswlpdo vroxwlrq pxvw vdwlvi| R : T 1 Pruhryhu/ wkh ydoxh ixqfwlrq 7L^ET  lv frqwlqxrxv
+e| wkh pd{lpxp wkhruhp, dqg ghfuhdvlqj lq erwk ^ dqg T iru doo T  f:
Zh qrz surfhhg e| irupdoo| fkdudfwhul}lqj wkh vhw ri htxloleuld iru Fdvhv 4061 Iru
wkh vdnh ri fodulw|/ wklv lv grqh e| phdqv ri wkuhh vhsdudwh sursrvlwlrqv1 Lqflghqwdoo|/ li
hqjdjlqj lq vhdufk lv wrr frvwo|/ wkhuh pd| eh qr wudgh dw doo lq htxloleulxp1 Lq doo wkuhh
sursrvlwlrqv/ zh wkhuhiruh dvvxph wkdw vhdufk frvwv duh vx!flhqwo| orz1
8Wkh dvvxpswlrq wkdw j+n, lv glhuhqwldeoh lv rqo| iru frqyhqlhqfh1 Wkh vdph dujxphqw fdq eh pdgh
zlwkrxw wklv dvvxpswlrq e| frpsdulqj wkh xwlolw| ri srwhqwldo vhoohuv iru glhuhqw ydoxhv ri s dqg n=
9Irupdoo|/ d vxepdunhw lv srrolqj li  +t, A 3 iru doo t 5 T=
:Wkh idfw wkdw Xt+Y , lv vwulfwo| ghfuhdvlqj lq t lv reylrxv1 Wr vhh wkdw Xt+Y , lv dovr vwulfwo| ghfuhdvlqj
lq Y> frqvlghu d ghfuhdvh +$, lq Y vxfk wkdw wkh wljkwqhvv nVt +s> Y , uhpdlqv frqvwdqw1 Iurp wkh ghqlwlrq
ri nVt +s> Y ,> lw iroorzv wkdw wkh sulfh s pxvw dovr vwulfwo| ghfuhdvh/ zklfk lpsolhv wkdw X
P
+, pxvw eh
vwulfwo| ghfuhdvlqj lq Y 1
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Sursrvlwlrq 4= Li r, : K dqg vhdufk frvwv duh vx!flhqwo| orz/ dq htxloleulxp h{lvwv/
dqg dq| htxloleulxp h{klelwv wkh iroorzlqj fkdudfwhulvwlfv=
l, Rqo| orz0txdolw| jrrgv duh wudghg1 Pruh suhflvho|/
S
?M K
? ’ K/
S
?M r
?
, ’ K 	 r,/
dqg
S
?M r
?
 ’ f1
ll, Lq dq| vxepdunhw/ wkh sulfh R? iru wkh orz0txdolw| jrrg vroyhv wkh surjudp ,ET,c
dqg wkh fruuhvsrqglqj wljkwqhvv lv &? ’ &7, ER
?c T,
E| Sursrvlwlrq 4/ kljk0txdolw| jrrgv duh qhyhu wudghg lq htxloleulxp li wkh vxsso|
ri orz0txdolw| jrrgv douhdg| h{fhhgv wkh srwhqwldo ghpdqg1 Khqfh/ wkh rxwfrph lv wkh
vdph dv lq wkh vwdqgdug frpshwlwlyh dqdo|vlv1 Wklv lv qr orqjhu wuxh li wkh phdvxuh ri
srwhqwldo ex|huv h{fhhgv wkh phdvxuh ri srwhqwldo vhoohuv ri wkh orz0txdolw| jrrg1 Dv lv
vkrzq ehorz/ erwk orz0 dqg kljk0txdolw| jrrgv duh wkhq wudghg lq htxloleulxp1
Wr fkdudfwhul}h vxepdunhwv zkhuh kljk0txdolw| jrrgv duh wudghg/ lw lv qhfhvvdu| wr
ghqh d qhz surjudp1 Iru doo xwlolwlhv T E^  T^c zkhuh ^ 5 ’c ghqh e| 
ET E,c T E
wkh surjudp lq zklfk R lv fkrvhq wr pd{lpl}h wkh xwlolw| ri srwhqwldo ex|huv LEZc &c R
vxemhfw wr & ’ &7 ERc T Ec ZE ’ c dqg wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru
orz0txdolw| vhoohuv T E,  T 7, E&c R1 Wkh fruuhvsrqglqj ydoxh ixqfwlrq lv ghqrwhg e|
7LET E,c T E1 Lqflghqwdoo|/ qrwh wkdw wkh vroxwlrq wr ET E,c T E pd| eh hpsw|
+wr vhh wklv/ wdnh wkh fdvh zkhuh T E, ’ T, dqg T E : T,1
Sursrvlwlrq 5= Li r : K : r, dqg vhdufk frvwv duh vx!flhqwo| orz/ dq htxloleulxp
h{lvwv/ dqg dq| htxloleulxp h{klelwv wkh iroorzlqj fkdudfwhulvwlfv =
l, Erwk orz0 dqg kljk0txdolw| jrrgv duh wudghg1 Pruh suhflvho|/
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?M r
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 ’ K r, 	 r1
ll, Wkh vhw ri vxepdunhwv lv ixoo| vhsdudwlqj1 Lq vxepdunhwv zkhuh wkh orz0txdolw|
jrrg lv wudghg/ wkh sulfh R? vroyhv wkh surjudp ,ET
W
, c zkloh lq vxepdunhwv zkhuh wkh
kljk0txdolw| jrrg lv wudghg/ R? vroyhv wkh surjudp ET W, c T Pruhryhu/ wkh wljkwqhvv
lq d vxepdunhw zkhuh d jrrg ri txdolw| ^ lv wudghg lv &? ’ &7^ ER
?c T W^  Wkh htxloleulxp
xwlolw| T W, ri orz0txdolw| vhoohuv vdwlvhv T
W
, : T, dqg lv ghwhuplqhg e|
7LET W, c T ’ 7L,ET
W
,  +9,
Ilqdoo|/ kljk0txdolw| vhoohuv uhfhlyh h{dfwo| wkhlu uhvhuydwlrq xwlolw| T W ’ T
Zkloh Fdvh 5 vwloo uhsuhvhqwv d ex|hu pdunhw/ wkh phdvxuh ri orz0txdolw| vhoohuv
qr orqjhu h{fhhgv wkh phdvxuh ri srwhqwldo ex|huv1 Lq frqwudvw wr Fdvh 4/ erwk orz0
dqg kljk0txdolw| jrrgv duh qrz wudghg lq htxloleulxp1 Pruh lpsruwdqwo|/ krzhyhu/
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orz0txdolw| jrrgv duh wudghg lq glhuhqw vxepdunhwv dqg dw glhuhqw sulfhv wkdq kljk0
txdolw| jrrgv1 Lq sduwlfxodu/ kljk0txdolw| vxepdunhwv h{klelw kljkhu sulfhv/ exw dovr
orqjhu flufxodwlrq wlphv wr hqvxuh wkdw orz0txdolw| vhoohuv gr qrw hqwhu1 Wkh flufxodwlrq
wlph +pruh suhflvho|= wkh wljkwqhvv, wkdw lv qhfhvvdu| wr dfklhyh vhsdudwlrq lv lpsolflwo|
ghwhuplqhg e| wkh vlqjoh0furvvlqj frqglwlrq +8,1 Ilqdoo|/ xqolnh lq wkh vwdqgdug dqdo|vlv/
wkh vkruw vlgh ri wkh pdunhw +khuh= srwhqwldo ex|huv, lv ixoo| vhuyhg1 Pruh suhflvho|/ wkh
phdvxuh r, ri srwhqwldo ex|huv sxufkdvhv wkh orz0txdolw| jrrg/ zkloh wkh kljk0txdolw|
jrrg lv sxufkdvhg e| wkh uhpdlqlqj phdvxuh K r,1
Ghqrwh e| 	T wkh xwlolw| ri orz0txdolw| vhoohuv li srwhqwldo ex|huv uhfhlyh wkhlu uhvhu0
ydwlrq xwlolw|1 Wkxv/ 	T vdwlvhv 7L,E 	T  ’ f
Sursrvlwlrq 6= Li K : r dqg vhdufk frvwv duh vx!flhqwo| orz/ dq htxloleulxp h{lvwv/
dqg dq| htxloleulxp h{klelwv wkh iroorzlqj fkdudfwhulvwlfv=
l, Erwk orz0 dqg kljk0txdolw| jrrgv duh wudghg1 Pruh suhflvho|/
S
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^ ’ r^c zkhuh ^ 5 ’1
ll, Wkh vhw ri vxepdunhwv lv ixoo| vhsdudwlqj1 Lq vxepdunhwv zkhuh wkh orz0txdolw|
jrrg lv wudghg/ wkh sulfh R? vroyhv wkh surjudp ,E 	T c zkloh lq vxepdunhwv zkhuh wkh
kljk0txdolw| jrrg lv wudghg/ R? vroyhv wkh surjudp E 	T c T W  Pruhryhu/ wkh wljkwqhvv
lq d vxepdunhw zkhuh d jrrg ri txdolw| ^ lv wudghg lv &? ’ &7^ ER
?c T W^  Wkh htxloleulxp
xwlolw| T W ri kljk0txdolw| vhoohuv vdwlvhv T
W
 : T dqg lv ghwhuplqhg e|
7LE 	T c T W  ’ f +:,
Ilqdoo|/ orz0txdolw| vhoohuv uhfhlyh d xwlolw| ri T W, ’ 	T : T,1
Sursrvlwlrq 6 vkrzv wkdw Fdvh 6 lv yhu| vlplodu wr Fdvh 51 Djdlq/ orz0txdolw| jrrgv
duh wudghg lq glhuhqw vxepdunhwv dqg dw glhuhqw sulfhv wkdq kljk0txdolw| jrrgv1 Wkh
lqwxlwlrq iru wklv lv h{dfwo| wkh vdph dv lq Fdvh 51 Dovr/ lq frqwudvw wr wkh vwdqgdug
dqdo|vlv/ wkh vkruw vlgh ri wkh pdunhw +khuh= srwhqwldo vhoohuv, lv djdlq ixoo| vhuyhg1
8 H{whqvlrqv
Lq wklv vhfwlrq/ zh h{whqg wkh prgho lq wzr glhuhqw gluhfwlrqv1 Iluvw/ zh vkrz wkdw
doo rxu uhvxowv uhpdlq xqfkdqjhg li jrrgv glhu zlwk uhjdug wr wkhlu ulvn ri euhdngrzq
lqvwhdg ri wkhlu  rz xwlolw|1 Vhfrqg/ zh dujxh wkdw lw lv lqhvvhqwldo zkhwkhu rqo| ex|huv
+dv zdv dvvxphg lq wkh prgho, ru erwk ex|huv dqg vhoohuv fdq rshq xs qhz vxepdunhwv1
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814 Jrrgv Glhu zlwk Uhjdug wr Wkhlu Ulvn ri Euhdngrzq
Vxssrvh erwk w|shv ri jrrgv |lhog wkh vdph  rz xwlolw|/ exw glhu lq wkhlu +frqvwdqw, ulvn
ri euhdngrzq/ zklfk lv h{suhvvhg e| wkh udwh r^1 Pruh suhflvho|/ dvvxph wkdw r, : r  fc
l1h1 wkh ulvn ri euhdngrzq lv juhdwhu iru orz0txdolw| jrrgv wkdq iru kljk0txdolw| jrrgv1
Dv lq wkh suhylrxv prgho/ zh dvvxph wkdw srwhqwldo vhoohuv ghulyh d frqvwdqw  rz xwlolw| 
iurp xvlqj wkh jrrg1 Li wkh jrrg lv vrog/ wkh  rz xwlolw| lv }hur1 Olnhzlvh/ wkh  rz xwlolw|
ri srwhqwldo ex|huv ehiruh dqg diwhu wkh sxufkdvh lv }hur dqg c uhvshfwlyho|/ zkhuh  : 
Li wkh jrrg lv eurnhq/ lwv  rz xwlolw| lv dovr }hur1 Dffruglqjo|/ wkh dvvhw ydoxh ri d jrrg
ri txdolw| ^ wr dq lqlwldo rzqhu dqg qrq0rzqhu lv T^ ’ *Er^ n o dqg L^ ’ *Er^ n oc
uhvshfwlyho|1 Zkloh LEZc &c R lv vwloo jlyhq e| +5,/ wkh h{shfwhg xwlolw| ri d srwhqwldo
vhoohu hqjdjlqj lq vhdufk lv qrz ghqhg e| wkh dvvhw ydoxh htxdwlrq
Eo n r^T

^ E&c R ’ Sn  n }E&
k
R T ^ E&c R
l
c
zklfk fdq eh uhduudqjhg dv
T ^ E&c R ’
  Sn }E&R
o n r^ n }E&
 +;,
Revhuyh wkdw wkh ulvn ri euhdngrzq hqwhuv qhjdwlyho| lq wkh vhoohu*v xwlolw|1
E| jrlqj wkurxjk wkh vdph vwhsv dv lq Vhfwlrq 7/ lw lv qrz hdv| wr fkhfn wkdw doo rxu
uhvxowv frqwlqxh wr krog xqghu wkh dowhuqdwlyh dvvxpswlrq wkdw jrrgv rqo| glhu lq wkhlu
ulvn ri euhdngrzq1 Wr vhh zk|/ frqvlghu wkh lqglhuhqfh fxuyh ri d srwhqwldo vhoohu ri
w|sh ^ Vroylqj +;, iru R dqg vhwwlqj wkh vhoohu*v xwlolw| htxdo wr Tc zh kdyh
R ’ T n
T Eo n r^  n S
}E&
 +<,
Pruhryhu/ glhuhqwldwlqj +<, zlwk uhvshfw wr & jlyhv
R E& ’ 
T Eo n r^  n S
d} E&o2
} E& c
zklfk lpsolhv wkdw wkh vlqjoh0furvvlqj frqglwlrq lv djdlq vdwlvhg1 Wkxv/ wr ryhufrph
wkh ohprqv sureohp/ lw grhv qrw pdwwhu zkhwkhu jrrgv glhu lq wkhlu  rz xwlolw| ru wkhlu
frqvwdqw ulvn ri euhdngrzq1
815 Vxepdunhwv Fdq eh Rshqhg e| Hlwkhu Ex|huv ru Vhoohuv
Li vxepdunhwv fdq eh rshqhg e| vhoohuv/ wkh ghflvlrq ri ex|huv wr hqwhu vxfk vxepdunhwv
ghshqgv rq wkhlu eholhiv uhjduglqj wkh vhoohuv* w|shv1 Ghqrwh wkhvh eholhiv e| >E^ m R Iru
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doo sulfhv R 5 iR? m ? 5 j c frqvlvwhqf| uhtxluhv wkdw >E^ m R ’ Z? E^  Iru doo sulfhv
qrw revhuyhg lq htxloleulxp/ wkhuh duh qr uhvwulfwlrqv rq eholhiv1; Jlyhq vrph sulfh R
dqg eholhiv >E^ m Rc wkh wljkwqhvv & fdq wkhq eh ghulyhg iurp +5, dv iroorzv1
sE& ’
;A?
A=
4 li
S
^M' >E^ m RL^  L
W  R  f
oLWnSS
^M'
>E^RL^3LW3R
rwkhuzlvh1
+43,
Zh qrz h{whqg wkh vhw ri htxloleulxp frqglwlrqv e| dgglqj wkh uhtxluhphqw wkdw lq
htxloleulxp/ lw pxvw qrw eh surwdeoh iru srwhqwldo vhoohuv wr rshq qhz vxepdunhwv1
+H16*, Frpshwlwlyhqhvv1 Lq htxloleulxp/ lw pxvw qrw eh surwdeoh wr rshq qhz
vxepdunhwv lq dgglwlrq wr wkh  h{lvwlqj vxepdunhwv1 Pruh suhflvho|/ jlyhq wkh htxl0
oleulxp xwlolwlhv LW dqg iT W^ j^M'c wkhuh pxvw h{lvw +rxw0ri0htxloleulxp, eholhiv >E^ m R
vxfk wkdw iru doo sulfhv R *5 iR? m ? 5 j dqg w|shv ^ 5 ’ lw krogv wkdw T W^  T

^ E&c Rc
zkhuh & lv lpsolflwo| ghqhg e| +43,1
Jlyhq rxu iuhhgrp wr vshfli| rxw0ri0htxloleulxp eholhiv/ lw vkrxog eh reylrxv wkdw
dgglqj +H16*, kdv qr hhfw rq wkh h{lvwlqj vhw ri htxloleuld1<
Sursrvlwlrq 7= Wkh vhw ri htxloleuld vdwlvi|lqj +H14,0+H16, dovr vdwlhv +H16*,1
9 Frqfoxvlrq
Lq wklv sdshu/ zh frqvlghu d vhdufk pdunhw zkhuh vhoohuv kdyh sulydwh lqirupdwlrq derxw
d jrrg*v txdolw|1 Zh vkrz wkdw li vhoohuv ri kljk0txdolw| jrrgv ghulyh d juhdwhu xwlolw|
iurp vhdufk wkdq vhoohuv ri orz0txdolw| jrrgv/ vhsdudwlrq ri w|shv pd| rffxu hyhq li dq
h{solflw vruwlqj yduldeoh +h1j1 zduudqwlhv ru dgyhuwlvlqj, grhv qrw h{lvw1 Iru lqvwdqfh/
lq wkh pdunhw iru vhfrqg0kdqg fduv/ rzqhuv ri uholdeoh fduv qhhg wr vshqg ohvv wlph dqg
prqh| rq uhsdluv dqg vsduh sduwv wkdq rzqhuv ri xquholdeoh fduv1 Frqvhtxhqwo|/ rzqhuv
ri uholdeoh fduv duh ohvv hdjhu wr vhoo idvw dqg fdq wkxv dvn iru d kljkhu sulfh/ hyhq li wklv
phdqv wkdw wkh| kdyh wr zdlw orqjhu +lq h{shfwhg whupv, xqwlo wkh fdu lv vrog1 Edvhg
;Wklv lv dqdorjrxv wr vljqdoolqj jdphv/ zkhuh rxw0ri0htxloleulxp eholhiv fdq eh vshflhg iuhho| zlwklq
wkh erxqgv lpsrvhg e| wkh uhvshfwlyh uhqhphqw frqfhsw1
<Iru lqvwdqfh/ wkh h{lvwlqj vhw ri htxloleuld fdq eh vxssruwhg e| shvvlplvwlf eholhiv +o m s, @ 4 li
s @5 isq m q 5 Qj = Shvvlplvwlf eholhiv duh qrw qhfhvvdu| wr vxssruw wkh h{lvwlqj vhw ri htxloleuld wkrxjk1
Iru lqvwdqfh/ li zh hpsor| d uhqhphqw frqfhsw dorqj wkh olqhv ri Fkr dqg Nuhsv* +4<;:, lqwxlwlyh
fulwhulrq/ wkh vhw ri htxloleuld uhpdlqv vwloo xqfkdqjhg1 Wklv iroorzv iurp wkh idfw wkdw doo htxloleuld lq
Vhfwlrq 7 duh ohdvw0frvw vhsdudwlqj iurp wkh shuvshfwlyh ri srwhqwldo vhoohuv1
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rq wkhvh frqvlghudwlrqv/ zh ghulyh dq htxloleulxp iru d frpshwlwlyh vhdufk pdunhw zkhuh
jrrgv ri glhuhqw txdolwlhv duh wudghg dw glhuhqw sulfhv1 Lq htxloleulxp/ kljk0txdolw|
jrrgv vhoo dw d kljkhu sulfh/ exw dovr flufxodwh orqjhu wr hqvxuh wkdw orz0txdolw| vhoohuv
kdyh qr lqfhqwlyh wr hqwhu wkh +vxe0,pdunhw iru kljk0txdolw| jrrgv1 Pruhryhu/ lw lv vkrzq
wkdw doo phpehuv ri wkh vkruw vlgh ri wkh pdunhw +l1h1 vhoohuv li wkh qxpehu ri vhoohuv lq
wkh hfrqrp| h{fhhgv wkh qxpehu ri ex|huv/ dqg ylfh yhuvd, hqjdjh lq wudgh1 Wklv lv lq
frqwudvw wr wkh vwdqgdug dqdo|vlv/ zkhuh sduw ri wkh vkruw vlgh ri wkh pdunhw lv vrphwlphv
qrw vhuyhg ghvslwh wkh suhvhqfh ri srwhqwldo jdlqv iurp wudgh1 Ilqdoo|/ lw lv vkrzq wkdw
rxu uhvxowv frqwlqxh wr krog li wkh xwlolw| iurp vhdufk lv wkh vdph iru erwk jrrgv/ exw
kljk0txdolw| jrrgv kdyh d orzhu ulvn ri euhdnlqj grzq ehiruh wkh| duh vrog1
Dv lq prghov ri vljqdoolqj dqg vfuhhqlqj/ wkh htxloleulxp doorfdwlrq lv rqo| vhfrqg0
ehvw h!flhqw1 Pruh suhflvho|/ kljk0txdolw| jrrgv pxvw flufxodwh lqh!flhqwo| orqj wr
hqvxuh wkdw orz0txdolw| vhoohuv kdyh qr lqfhqwlyh wr plplf vhoohuv ri kljk0txdolw| jrrgv1
Lqflghqwdoo|/ wkh orz0txdolw| vhoohuv* lqfhqwlyh frpsdwlelolw| frqvwudlqw +zklfk fdxvhv wkh
lqh!flhqf|, fdq eh uhod{hg e| vxevlgl}lqj orz0sulfhg jrrgv1 Li wkh iudfwlrq ri orz0txdolw|
vhoohuv lq wkh hfrqrp| lv vx!flhqwo| orz/ wkh vxevlg| fdq eh fkrvhq wr pdnh erwk orz0
dqg kljk0txdolw| vhoohuv vwulfwo| ehwwhu r/ hyhq li kljk0txdolw| vhoohuv kdyh wr sd| iru lw1
Lq d frpshwlwlyh pdunhw/ krzhyhu/ vxfk d furvv0vxevlgl}dwlrq lv qrw srvvleoh dv lw jlyhv
ulvh wr fuhdp0vnlpplqj e| ex|huv zklfk wu| wr dwwudfw kljk0txdolw| vhoohuv1
: Dsshqgl{
Surri ri Ohppd 5= Vxssrvh lq htxloleulxp/ d srrolqj vxepdunhw zlwk fkdudfwhulvwlfv +s> n> , h{lvwv1
Frqvlghu qrz d qhz +ghyldwlqj, rhu s3 A s1 Zh fodlp wkdw iru doo sdluv +n3> 3, 5 I +s3>
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wkh glvwulexwlrq lv 3+k, @ 4> l1h1 wkh qhz vxepdunhw dwwudfwv rqo| kljk0txdolw| vhoohuv1 Vxssrvh qrw1
Li 3+o, A 3/ wkh wljkwqhvv n3 lq wkh qhz vxepdunhw pxvw dgmxvw wr pdnh orz0txdolw| vhoohuv lqglhuhqw
ehwzhhq wkh srrolqj vxepdunhw dqg wkh qhz vxepdunhw1 Khqfh YPo +n
3> s3, @ YPo +n> s,> zkhuh n
3 ? n
+uhfdoo wkdw n uhsuhvhqwv wkh wljkwqhvv iurp wkh ex|huv* shuvhsfwlyh,1 Krzhyhu/ e| +8,/
YPk +n
3> s3, YPk +n> s, A Y
P
o +n
3> s3, YPo +n> s,>
zklfk lpsolhv wkdw YPk +n
3> s3, A YPk +n> s,> frqwudglfwlqj wkh dvvxpswlrq wkdw +n
3> 3, 5 I +s3>

Y t

t5T
,1
Qh{w/ zh fodlp wkdw li s3 lv vx!flhqwo| forvh wr s> wkh ghyldwlrq lv vwulfwo| surwdeoh1 Frqvlghu d ghyldwlqj
rhu s3 @ s . %/ zkhuh % A 3= Wr pdnh kljk0txdolw| vhoohuv lqglhuhqw ehwzhhq wkh srrolqj vxepdunhw
dqg wkh qhz vxepdunhw/ wkh wljkwqhvv n3+%, pxvw vdwlvi| YPk +n
3
+%,> s . %, @ YPk +n> s,1 Reylrxvo|/ li
% @ 3> zh kdyh XP+3> n> s, A XP +> n> s,= Iurp frqwlqxlw| ri n3 lq % dqg XP+3> n3> s3, lq erwk n3 dqg
s3> lw wkhq iroorzv wkdw iru vx!flhqwo| vpdoo ydoxhv ri %> XP +3> n3+%,> s . %, A XP +> n> s,/ l1h1 wkh
ghyldwlrq lv vwulfwo| surwdeoh1
4:
Surri ri Sursrvlwlrq 4= Zh uvw vkrz wkdw dq| htxloleulxp vhw ri vxepdunhwv pxvw vdwlvi| l,
dqg ll,1 E| Ohppd 4 dqg +H15,/ lw pxvw eh wuxh wkdw Y o @ Yo/
S
q5Q v
q
k @ 3> dqg
S
q5Q v
q
o ? vo1
Wkh idfw wkdw nq @ nVo +s
q> Yo, iru doo q 5 Q iroorzv iurp wkh ghqlwlrq ri n
V
t +s> Y , dqg wkh idfw wkdw
orz0txdolw| vhoohuv duh lqglhuhqw ehwzhhq fkrrvlqj wkhlu rxwvlgh rswlrq dqg hqwhulqj dq| sduwlfxodu
vxepdunhw1 Pruhryhu/ e| wkh frqvwuxfwlrq ri wkh surjudp St+Y ,> doo sulfhv s
q pxvw vroyh So+Yo,> ru hovh
srwhqwldo ex|huv fdq pdnh dq rhu s 9@ sq wkdw pdnhv wkhp vwulfwo| ehwwhu r1 Ilqdoo|/ iru vx!flhqwo|
vpdoo ydoxhv ri f> wkhuh h{lvwv d sdlu +n> s, vxfk wkdw j +n, +s Yo,  f dqg i +n, +Xo  s, A 31 Iurp wkh
surshuwlhv ri wkh ydoxh ixqfwlrq Xt+,> lw wkhq iroorzv wkdw Xo+Yo, A 3/ l1h1 doo srwhqwldo ex|huv vwulfwo|
suhihu wr hqwhu1 Lq frqmxqfwlrq zlwk +H15,/ wklv lpsolhv wkdw
S
q5Q e
q
@ e @
S
q5Q v
q
o =
Qh{w/ zh vkrz wkdw dq htxloleulxp zlwk wkh deryh surshuwlhv h{lvwv1 H{lvwhqfh ri d vroxwlrq wr
So+Yo, iroorzv iurp wkh frqwlqxlw| ri wkh remhfwlyh ixqfwlrq dqg wkh idfw wkdw sulfhv olh lq d frpsdfw
lqwhuydo1 Ixuwkhupruh/ e| wkh frqvwuxfwlrq ri wkh surjudp/ +H14, lv vdwlvhg iru srwhqwldo ex|huv dqg
orz0txdolw| vhoohuv1 Vlqfh yk A yo> lw pxvw eh wuxh wkdw Y
P
k +n> s,  Yk iru doo s vroylqj So+Yo, zlwk
fruuhvsrqglqj wljkwqhvv n @ nVo +s> Yo,= Frqvhtxhqwo|/ +H14, lv dovr vdwlvhg iru kljk0txdolw| vhoohuv1 Wkh
idfw wkdw +H15, krogv lv reylrxv1 Ilqdoo|/ e| +6,/ wkhuh fdqqrw h{lvw d surwdeoh ghyldwlrq dwwudfwlqj
kljk0txdolw| vhoohuv/ zklfk suryhv wkdw +H16, lv dovr vdwlvhg1
Surri ri Sursrvlwlrq 5= Zh uvw suryh dq dx{loldu| fodlp1
Fodlp 4= Wkhuh h{lvwv d fulwlfdo ydoxh f vxfk wkdw iru doo f ? f> wkh iroorzlqj krogv =
L , Xo+Yo, A 3=
LL , Wkh surjudp SF+ aY > Yk,> zkhuh aY lv ghqhg e| X o+ aY , @ 3> kdv d vroxwlrq X
F
+aY > Yk, A 31
Surri= Sduw L, zdv douhdg| vkrzq lq wkh surri ri Sursrvlwlrq 41 Lq sduwlfxodu/ wklv lpsolhv wkdw
wkhuh h{lvwv d sdlu +> f4, vxfk wkdw iru doo f ? f4> lw krogv wkdw aY  Yo A  A 3> zkhuh aY lv xqltxho|
ghqhg iurp wkh frqwlqxlw| dqg vwulfw prqrwrqlflw| ri Xo +, dqg wkh idfw wkdw Xo+Yo, A 3 dqg X o+Y , ? 3
iru vx!flhqwo| odujh Y= Lqvhuwlqj j +n, @ f@ +s Yk, lq +4,/ zh fdq zulwh wkh orz0txdolw| vhoohuv* lqfhqwlyh
frpsdwlelolw| frqvwudlqw dv
aY 
yo +s Yk, . fYk
u +s Yk, . f
= +44,
Pruhryhu/ wkh xwlolw| ri d srwhqwldo ex|hu iurp sxufkdvlqj wkh orz0txdolw| jrrg lv vwulfwo| srvlwlyh li
i +n, +Xk  s, A f= +45,
Fohduo|/ li f ? f4> wkhuh h{lvwv d ydoxh f5 vxfk wkdw +44,0+45, duh vdwlvhg iru doo f ? f5 dqg sulfhv
Yk ? s ? Xk> zklfk suryhv sduw LL, ri wkh fodlp1 Ghqlqj f @ plq ^f4> f5` frpsohwhv wkh surri1
Lq zkdw iroorzv/ zh dvvxph wkdw f ? f> lpso|lqj wkdw sduwv L, dqg LL, ri Fodlp 4 krog1 Zh uvw vkrz
wkdw dq| htxloleulxp vhw ri vxepdunhwv pxvw vdwlvi| sduwv l, dqg ll, ri wkh sursrvlwlrq1 Zlwk uhjdug wr
sduw l,/ vxssrvh wkdw rqo| orz0txdolw| jrrgv duh wudghg lq htxloleulxp1 Lq wklv fdvh/ +H15, lpsolhv wkdw
X @ 3> l1h1 srwhqwldo ex|huv uhfhlyh h{dfwo| wkhlu uhvhuydwlrq xwlolw|1 Exw wklv lpsolhv wkdw wkhuh h{lvwv
d surwdeoh ghyldwlrq zklfk dwwudfwv rqo| kljk0txdolw| vhoohuv dqg pdnhv srwhqwldo ex|huv vwulfwo| ehwwhu
r1 Wr vhh wklv/ vxssrvh wkdw +s> n, vroyhv SF+ aY > Yk, vxfk wkdw X
P
+> nVk +s> Yk,> s, @
XF+ aY > Yk, A 3>
zkhuh +k, @ 41 E| sduw LL, ri Fodlp 4/ vxfk d sdlu +s> n, h{lvwv1 Vlqfh s pxvw eh vwulfwo| ohvv wkdq
4;
Yk> srwhqwldo ex|huv fdq wkhq rhu d qhz +ghyldwlqj, sulfh s
3 A s zklfk dwwudfwv rqo| kljk0txdolw|
vhoohuv e| +8,1 Wkh wljkwqhvv n3 dvvrfldwhg zlwk s3 lv xqltxh dqg vdwlvhv n3 @ nVk +s
3> Yk,1 Fohduo|/ li s
3
lv fkrvhq vx!flhqwo| forvh wr s> wkh ghyldwlrq lv vwulfwo| surwdeoh vlqfh XP +> nVk +s> Yk,> s, lv vwulfwo|
srvlwlyh dqg frqwlqxrxv lq s> frqwudglfwlqj wkh dvvxpswlrq wkdw rqo| orz0txdolw| jrrgv duh wudghg lq
htxloleulxp1 Exw li kljk0txdolw| jrrgv duh wudghg lq htxloleulxp/ Ohppd 4 lpsolhv wkdw doo orz0txdolw|
jrrgv pxvw dovr eh wudghg/ zklfk lpsolhv wkdw
S
q5Q v
q
o @ vo= Dgglwlrqdoo|/ iurp sduw L, ri Fodlp 4 lw
iroorzv wkdw doo srwhqwldo ex|huv vwulfwo| suhihu wr hqwhu1 Lq frqmxqfwlrq zlwk +H15, dqg wkh idfw wkdw
e A vo> wklv wkhq lpsolhv wkdw
S
q5Q e
q
@ e dqg
S
q5Q v
q
k @ e vo ? vk=
Uhjduglqj sduw ll,/ zh nqrz iurp Ohppd 5 wkdw wkh htxloleulxp vhw ri vxepdunhwv pxvw eh vhs0
dudwlqj1 Pruhryhu/ e| Ohppd 4/ zh kdyh Y o A Yo dqg Y

k @ Yk= Lw uhpdlqv wr eh vkrzq wkdw wkh
sulfhv iru orz0 dqg kljk0txdolw| vxepdunhwv vroyh wkh uhvshfwlyh surjudpv1 Zlwk uhjdug wr orz0txdolw|
vxepdunhwv/ wklv lv reylrxv +vhh wkh surri ri Sursrvlwlrq 4,1 Zlwk uhjdug wr kljk0txdolw| vxepdunhwv/
vxssrvh sq grhv qrw vroyh SF+Y o > Yk,= E| wkh frqvwuxfwlrq ri S
F
+Y o > Yk,> srwhqwldo ex|huv fdq wkhq
uhdol}h d vwulfwo| kljkhu xwlolw| e| rhulqj d sulfh s 9@ sq zklfk vroyhv SF+Y o > Yk,=
43 Ilqdoo|/ htxdwlrq
+9, dqg wkh idfw wkdw nq @ nVt +s
q> Y t , iroorz lpphgldwho| iurp wkh frqvwuxfwlrq ri S
F
+,=
Wr suryh h{lvwhqfh/ zh surfhhg lq wzr vwhsv1 Iluvw/ zh vkrz wkdw wkhuh h{lvwv d xqltxh ydoxh Y o
vxfk wkdw +9, lv vdwlvhg dqg wkh uhvshfwlyh surjudpv kdyh d vroxwlrq1 Uhfdoo iurp wkh surri ri Fodlp
4 wkdw Xo+Yo, A 3 dqg Xo+ aY , @ 3> zkhuh aY A Yo/ dqg zkhuh Xo+Y , lv frqwlqxrxv dqg vwulfwo| ghfuhdvlqj
lq Y= Li SF+Y> Yk, kdv d vroxwlrq +lq vrph qhljkerukrrg ri Y ,/ X
F
+Y> Yk, pxvw eh frqwlqxrxv +e| wkh
pd{lpxp wkhruhp, dqg qrqghfuhdvlqj lq Y 1 Pruhryhu/ e| sduw LL, ri Fodlp 4/ lw pxvw eh wuxh wkdw
XF+ aY > Yk, A 3= Wr vhh wkdw S
F
+Y> Yk, kdv d vroxwlrq iru doo Y A Yo/ qrwh wkdw iru dq| jlyhq glhuhqfh
Y Yo A 3> wkh vhw ri ihdvleoh sulfhv lv qrq0hpsw|1 Wklv lv gxh wr wkh idfw wkdw e| fkrrvlqj s vx!flhqwo|
kljk/ wkh vhoohuv* wudqvlwlrq udwh
j+nVk +s> Yk,, @
f
s Yk
fdq eh uhqghuhg vx!flhqwo| vpdoo vxfk wkdw
aY 
yo  f. j+n,s
u . j+n,
@
yo+s Yk, . fYk
u+s Yk, . f
krogv/ zkhuh n @ nVk +s> Yk,1 Vlqfh wkh vhw ri sulfhv hqvxulqj lqfhqwlyh frpsdwlelolw| lv frpsdfw/ h{lvwhqfh
ri d vroxwlrq wr SF+Y> Yk, iroorzv iurp wkh frqwlqxlw| ri wkh remhfwlyh ixqfwlrq1 Qh{w/ qrwh wkdw wkh
pd{lpxp ydoxh XF+Y> Yk, ehfrphv qhjdwlyh dv Y  Yo $ 3> dqg wkdw s A Yk vlqfh f A 3= Jlyhq rxu
uhvxowv rq h{lvwhqfh/ frqwlqxlw|/ dqg +vwulfw, prqrwrqlflw| ri erwk X o +, dqg X
F
+,/ lw lv qrz lpphgldwh
wkdw wkhuh h{lvwv d xqltxh ydoxh Y o vroylqj +9, vxfk wkdw wkh uhvshfwlyh surjudpv kdyh d vroxwlrq1
Vhfrqg/ zh vkrz wkdw dq| vhw ri vxepdunhwv vdwlvi|lqj l,0ll, pxvw dovr vdwlvi| +H14,0+H16,1 Iru srwhq0
wldo ex|huv dqg orz0txdolw| vhoohuv/ +H14, lv vdwlvhg e| wkh frqvwuxfwlrq ri So +, dqg S
F
+,= Pruhryhu/
e| wkh vlqjoh0furvvlqj frqglwlrq +8,/ +H14, lv vdwlvhg iru kljk0txdolw| vhoohuv1 Wkh idfw wkdw +H15, krogv
43Vwulfwo| vshdnlqj/ wklv lv rqo| qhfhvvdulo| wuxh li wkh orz0txdolw| vhoohuv* lqfhqwlyh frpsdwlelolw|
frqvwudlqw lv qrw elqglqj dw s= Li lw lv elqglqj/ srwhqwldo ex|huv fdq vwloo surwdeo| ghyldwh e| rhulqj
s3 @ s. %> zkhuh % lv vpdoo1 E| wkh vlqjoh0furvvlqj surshuw| +8,/ wkh vhw I +s3>

Y t

t5T
, kdv d xqltxh
hohphqw +n3> 3+k, @ 4,> zklfk lpsolhv wkdw rqo| kljk0txdolw| vhoohuv duh dwwudfwhg e| s3= Iurp wkh
frqwlqxlw| ri wkh ex|huv* xwlolw| ixqfwlrq/ lw wkhq iroorzv wkdw vxfk d ghyldwlrq lv vwulfwo| surwdeoh1
4<
lv djdlq reylrxv1 Zlwk uhjdug wr +H16,/ zh fdq uhvwulfw rxuvhoyhv wr srrolqj ghyldwlrqv1 Krzhyhu/ dq|
sulfh s vxfk wkdw +k, A 3 dqg +n> , 5 I +s>

Y t

t5T
,> zkhuh +k, A 3> pxvw dovr vdwlvi| wkh surjudp
SF+Y o > Yk,/ zklfk lpsolhv wkdw d srrolqj ghyldwlrq fdqqrw eh vwulfwo| surwdeoh1
Surri ri Sursrvlwlrq 6= Dv lq wkh surri ri Sursrvlwlrq 5/ zh rqo| frqvlghu vx!flhqwo| orz ydoxhv
ri f vxfk wkdw Xo+Yo, A 3 dqg X
F
+ aY > Yk, A 3= Zh uvw vkrz wkdw dq| htxloleulxp vhw ri vxepdunhwv
pxvw vdwlvi| l, dqg ll,1 E| Ohppd 5/ wkh vhw ri vxepdunhwv pxvw eh vhsdudwlqj1 Ixuwkhupruh/ Ohppd
4 lpsolhv wkdw X @ 3> l1h1 srwhqwldo ex|huv uhfhlyh h{dfwo| wkhlu uhvhuydwlrq xwlolw|1 Qh{w/ frqvlghu wkh
htxloleulxp xwlolw| Y o ri orz0txdolw| vhoohuv1 Fohduo|/ lq dq| vhsdudwlqj vhw ri vxepdunhwv/ Y

o fdqqrw
h{fhhg aY 1 Rq wkh rwkhu kdqg/ li Y o ?
aY > lw lv vwulfwo| surwdeoh iru srwhqwldo ex|huv wr ghyldwh1 Wr
vhh wklv/ vxssrvh wkdw Y o ?
aY = Vlqfh So+Y , lv vwulfwo| prqrwrqlf lq Y dqg Xo+ aY , @ 3> lw iroorzv wkdw
Xo+Y

o , A 3> l1h1 rshqlqj d qhz vxepdunhw lv vwulfwo| surwdeoh hyhq li rqo| orz0txdolw| vhoohuv vkrz
xs1 Khqfh/ lw pxvw eh wuxh wkdw Y o @
aY A Yo> zklfk lpsolhv wkdw
S
q5Q v
q
o @ vo1 Qh{w/ frqvlghu wkh
htxloleulxp xwlolw| Y k ri kljk0txdolw| vhoohuv1 Li Y

k @ Yk> lw lv vwulfwo| surwdeoh iru srwhqwldo ex|huv
wr ghyldwh dqg rshq d vxepdunhw wkdw dwwudfwv rqo| kljk0txdolw| vhoohuv1 Wkh uhdvrqlqj lv h{dfwo| wkh
vdph dv lq wkh surri ri Sursrvlwlrq 51 Dffruglqjo|/ lw pxvw eh wuxh wkdw Y k A Yk> zklfk lpsolhv wkdwS
q5Q v
q
k @ vk= Iurp +H15,/ lw wkhq lpphgldwho| iroorzv wkdw
S
q5Q e
q
@ v ? e= Wkxv/ erwk orz0 dqg
kljk0txdolw| jrrgv duh wudghg lq htxloleulxp1 Wkh uhvw lv dqdorjrxv wr wkh surri ri Sursrvlwlrq 51
Wr suryh h{lvwhqfh/ zh uvw vkrz wkdw wkhuh h{lvwv d xqltxh ydoxh Y k vxfk wkdw wkh surjudp S
F
+,
kdv d vroxwlrq dqg +:, lv vdwlvhg +wkh idfw wkdw So +, kdv d vroxwlrq zdv douhdg| vkrzq lq wkh surri ri
Sursrvlwlrq 5,1 Lw wxuqv rxw wkdw wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw lv hdvlhu wr kdqgoh li zh frqvlghu
dq dowhuqdwlyh surjudp1 Ghqrwh e| nEk +s, wkh wljkwqhvv wkdw hqvxuhv wkdw X
P
+> nEk +s,> s, @ 3 iru doo
s ? Xk> zkhuh +k, @ 41 Iurp +5,/ lw iroorzv wkdw n
E
k +s, lv xqltxho| ghqhg e|
i+nEk +s,, @
f
Xk  s
=
Li s  Xk> zh vhw i+n
E
k +s,, @41 Ghqh qrz e| S
F
V +
aY , wkh surjudp lq zklfk s lv fkrvhq wr pd{lpl}h
wkh xwlolw| ri kljk0txdolw| vhoohuv YPk +n> s, vxemhfw wr n @ n
E
k +s, dqg wkh orz0txdolw| vhoohuv* lqfhqwlyh
frpsdwlelolw| frqvwudlqw YPo +n> s, 
aY 1 Ghqrwh wkh pd{lpxp ydoxh ri wkh remhfwlyh ixqfwlrq e| hY = Wr
vhh wkdw SFV +
aY , kdv d vroxwlrq/ qrwh wkdw wkh rswlpdo sulfh pxvw eh vwulfwo| erxqghg dzd| iurp Xk= Lw
wkhuhiruh uhpdlqv wr vkrz wkdw wkh vhw ri sulfhv vdwlvi|lqj YPo +n> s, 
aY lv qrq0hpsw|1 Dv lq wkh surri
ri Sursrvlwlrq 5/ wklv iroorzv iurp wkh idfw wkdw wkh vhoohuv* wudqvlwlrq udwh fdq eh uhqghuhg duelwudulo|
vpdoo wkurxjk dq dssursuldwh fkrlfh ri s= Zh qrz vkrz wkdw wkh ydoxh ri s wkdw vroyhv SFV +
aY , dovr
vroyhv SF+ aY > hY ,> zklfk suryhv wkdw d vroxwlrq wr SF+, h{lvwv1 Wr vhh wklv/ vxssrvh s vroyhv SFV + aY ,>
exw qrw SF+ aY > hY ,= E| wkh frqvwuxfwlrq ri SF +, > wkhuh wkhq h{lvwv d sulfh s3 vxfk wkdw YPk +n3> s3, @ hY >
zkhuh n3 @ nVk +s
3> hY ,/ YPo +n3> s3,  aY / dqg XP +> n3> s3, A 3> zkhuh +k, @ 41 Exw wklv lpsolhv wkdw
zh fdq qg d sdlu +s33> n33, > zkhuh s33 A s3 dqg n33 @ nVk +s
33
,> vxfk wkdw XP +> n33> s33, @ 3 dw +k, @ 4
+wklv iroorzv iurp wkh ghqlwlrq ri nVk +,,> Y
P
o +n
33> s33, ? aY > dqg YPk +n
33> s33, A hY +wklv iroorzv iurp
frqwlqxlw| dqg wkh vlqjoh0furvvlqj frqglwlrq +8,,/ frqwudglfwlqj wkh dvvxpswlrq wkdw s vroyhv SFV +
aY ,=
Jlyhq wkdw s vroyhv SF+ aY > hY ,> wkh fruuhvsrqglqj wljkwqhvv lv n @ nVk +s> hY ,> zklfk/ lq frqmxqfwlrq zlwk
wkh idfw wkdw hY @ Y k > lpsolhv wkdw XF+ aY > Y k , @ 3= Xqltxhqhvv ri Y k iroorzv wkhq lpphgldwho| iurp
53
wkh idfw wkdw XF+ aY > Y , lv vwulfwo| ghfuhdvlqj lq Y 144
Wkh dujxphqw wkdw dq| vhw ri vxepdunhwv vdwlvi|lqj l,0ll, pxvw dovr vdwlvi| +H14,0+H16, lv h{dfwo|
wkh vdph dv lq wkh surri ri Sursrvlwlrq 51
; Uhihuhqfhv
Dnhuori/ J1D1 +4<:3,/ Wkh Pdunhw iru Ohprqv= Txdolw| Xqfhuwdlqw| dqg wkh Pdunhw Phfkdqlvp/
Txduwhuo| Mrxuqdo ri Hfrqrplfv ;7/ 7;;08331
Fkr/ L10N1 dqg Nuhsv/ G1P1 +4<;:,/ Vljqdolqj Jdphv dqg Vwdeoh Htxloleuld/ Txduwhuo| Mrxuqdo ri
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7<<08431
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Shwhuv/ P1 +4<<5,/ Rq wkh H!flhqf| ri H{0dqwh dqg H{0srvw Sulflqj Lqvwlwxwlrqv/ Hfrqrplf Wkhru|
5/ ;804341
Shwhuv/ P1 +4<<:,/ Rq wkh Htxlydohqfh ri Zdoudvldq dqg Qrq0Zdoudvldq Htxloleuld lq Frqwudfw Pdu0
nhwv= Wkh Fdvh ri Frpsohwh Frqwudfwv/ Uhylhz ri Hfrqrplf Vwxglhv 97/ 57405971
Urwkvfklog/ P1 dqg Vwljolw}/ M1H1 +4<:9,/ Htxloleulxp lq Frpshwlwlyh Lqvxudqfh Pdunhwv= Dq Hvvd|
rq wkh Hfrqrplfv ri Lpshuihfw Lqirupdwlrq/ Txduwhuo| Mrxuqdo ri Hfrqrplfv <3/ 95<097<1
Uxelqvwhlq/ D1 dqg Zrolqvn|/ D1 +4<;8,/ Htxloleulxp lq d Pdunhw zlwk Vhtxhqwldo Edujdlqlqj/
Hfrqrphwulfd 86/ 4466044831
Vshqfh/ D1P1 +4<:6,/ Mre Pdunhw Vljqdolqj/ Txduwhuo| Mrxuqdo ri Hfrqrplfv ;:/ 68806:71
Ylqfhqw/ G1U1 +4<;<,/ Edujdlqlqj zlwk Frpprq Ydoxhv/ Mrxuqdo ri Hfrqrplf Wkhru| 7;/ 7:0951
Zlovrq/ F1 +4<;3,/ Wkh Qdwxuh ri Htxloleulxp lq Pdunhwv zlwk Dgyhuvh Vhohfwlrq/ Ehoo Mrxuqdo ri
Hfrqrplfv 44/ 43;04631
44Wkh vdph dujxphqw wkdw zdv xvhg wr vkrz wkdw Xt +, lv vwulfwo| ghfuhdvlqj fdq eh xvhg wr vkrz
wkdw XF +, pxvw eh vwulfwo| ghfuhdvlqj +fi1 irrwqrwh :,1
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